
Problem Sheet 4

In this problem sheet, unless otherwise stated, for a Gaussian measure µ on Rn we fix m ∈ Rn

and K ∈ Rn×n such that for all λ ∈ Rn,∫
Rn

ei⟨λ,x⟩µ(dx) = ei⟨λ,m⟩− 1
2
⟨Kλ,λ⟩. (1)

We also define the Fourier Transform of a Borel Measure ν on Rn by

ν̂(ξ) =

∫
Rn

ei⟨ξ,x⟩ν(dx) (2)

and for ν on a Banach Space E, ν̂ : E∗ → C, by

ν̂(l) =

∫
E
eil(x)ν(dx).

Exercise 4.1.

For y ∈ Rn, prove that δy is a Gaussian measure. If y ∈ E for a Banach Space E, is δy a
Gaussian measure?

Exercise 4.2.

Let µ, ν be probability measures on a separable Banach Space E.

1. Show that if l∗µ = l∗ν for all l ∈ E∗, then µ = ν.

Hint: As a consequence of the Hahn-Banach Separation Theorem, every closed ball B ⊂ E
admits the representation B =

⋂
i∈I Ai for some countable indexing set I, and for sets Ai of

the form Ai = {x ∈ E : l(x) ≤ c} .

2. Prove that if µ̂(l) = ν̂(l) for all l ∈ E∗, then µ = ν.

Exercise 4.3.

1. Let {X1, . . . , XN} be independent random variables such that each Xj is Gaussian on Rn,

and aj ∈ R. Show that
∑N

j=1 ajXj is Gaussian on Rn.

2. Let {X1, . . . , XN} be independent random variables such that each Xj is Gaussian on R, and
aj ∈ E for some Banach Space E. Show that

∑N
j=1 ajXj is Gaussian on E.

Exercise 4.4.

Consider a sequence of real numbers (εn) convergent to zero as n → ∞, and corresponding
Gaussian measures µn on R with mean m and variance ε2n. Prove that (µn) converges weakly to
δm as n → ∞.

Exercise 4.5.

Let (ej) be a basis of a separable Hilbert Space H, (Yj) a collection of independent standard
real-valued Gaussian random variables (mean zero and variance one), and Xn =

∑n
j=1 ejYj . We

use ⟨·, ·⟩ and ∥·∥ for the inner product and norm on H, respectively.
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1. Show that the sequence of real-valued functions (µ̂n(·)) on H converges pointwise to e−
1
2
∥·∥2 .

2. Prove that Lévy’s Continuity Theorem, Theorem 2.4.6, does not hold if one replaces Rd by a
general separable Hilbert Space H.

Exercise 4.6

Let T be a positive symmetric linear operator on a separable Hilbert Space. Prove that its trace
as in Definition 2.6.6 is independent of the choice of basis.
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